We give an elementary proof of the fact that any elliptic curve E over an algebraically closed nonarchimedean field K with residue characteristic = 2, 3 and with v(j(E)) < 0 can be faithfully tropicalized. We first define an adapted form of minimal models over non-discrete valuation rings and we recover several well-known theorems from the discrete case. Using these, we create an explicit family of marked elliptic curves (E, P ), where E has multiplicative reduction and P is a three-torsion point that reduces to the singular point on the reduction of E. We then follow the strategy for proving faithfulness as in [BPR16, Theorem 6.2] and construct an embedding such that its tropicalization contains a cycle of length −v(j(E)). A key difference between this approach and the approach in [BPR16] is that the proof in this text does not use any of the analytic theory on Berkovich spaces such as the Poincaré-Lelong formula or [BPR16, Theorem 5.25] for checking the faithfulness of tropicalizations.
Introduction
Let K be an algebraically closed non-archimedean field with valuation ring R, maximal ideal m, residue field k and valuation v : K * → R. We assume throughout this paper that char(k) = 2, 3. In this paper, we give an elementary proof of the following theorem: Theorem 1.1. Let E be an elliptic curve over K with v(j(E)) < 0, where j(E) is the j-invariant of E. Then there exists an embedding E → P 2 such that its tropicalization contains a cycle of length −v(j(E)). Several proofs of this fact have already been given, for instance [CS13, Proposition 2.1] and [BPR16, Theorem 6.2]. Our proof will follow the strategy of [BPR16, Theorem 6 .2], but we will not use the analytic slope formula, nor any of the results on faithful tropicalizations. The idea is to use reduction theory for elliptic curves in Weierstrass form y 2 = x 3 + Ax + B to explicitly give a pair (f, g) ∈ (K(E)) 2 such that the corresponding tropicalization is faithful. More explicitly, the affine equation that cuts out the image of E in P 2 is then given by f 2 g + 2a f g − f g 2 − 2a b = 0
for a and b satisfying v(a ) = 0 and v(b) > 0. The tropicalization of this curve then contains a triangle with sides of length v(b) as in Figure 1 and we show that the valuation of the j-invariant of E is −3v(b).
Since reduction theory is usually only given in the discrete case (see [Sil09,  Chapter VII]), we give a more or less full treatment for the non-discrete case. We define minimal models, reduction types and we show that any elliptic curve has multiplicative reduction if and only if v(j(E)) < 0. These tools don't seem to be as well-known in tropical geometry as in arithmetic algebraic geometry due to the advent of Tate uniformizations, Berkovich spaces and (formal) semistable models. We chose to include most of the classical results on reduction theory (albeit in an altered form) in this text. We also included a short introduction to tropical geometry, giving most of the definitions and the fundamental theorem of tropical geometry.
We now give a quick review of the proofs of Theorem 1.1 given in [CS13] and [BPR16] . In [CS13] , one starts with a two parameter family of elliptic curves whose Newton complexes are unimodular triangulations, the so-called elliptic curves in symmetric honeycomb form. More explicitly, these are given by a · (x 3 + y 3 + z 3 ) + b · (x 2 y + x 2 z + y 2 x + y 2 z + z 2 y + z 2 x) + xyz,
where a, b ∈ K satisfy v(a) > 2 · v(b) > 0.
For any a, j ∈ K with v(j) < 0 and v(a) + v(i) > 0, they then show that there are exactly 6 values of b such that the j-invariant of the genus 1 curve E a,b in Equation 2 is equal to j. Since unimodular triangulations automatically induce faithful tropicalizations by [BPR16, Corollary 5 .28], the theorem is then proved. One can also skip this theorem on faithful tropicalizations using the results in [KMM09] . There it is shown computationally that any curve in symmetric honeycomb form automatically has a cycle of length −v(j(E a,b )). This then also directly gives the theorem.
In the proof of [BPR16, Theorem 6.2], they start with the Tate uniformization theorem, which can be stated as follows. Let E be an elliptic curve over a nonarchimedean, complete, algebraically closed field K with v(j(E)) < 0. Then there exists an isomorphism
for some q ∈ K with v(q) = −v(j(E)). They then set out to find functions f and g whose associated piecewise linear functions −log|f | and −log|g| induce an isometric embedding Σ → R 2 of the minimal skeleton Σ (in the associated Berkovich space of E) into R 2 . To ensure that this is an isometric embedding, they need that at least one of the piecewise linear functions has slope equal to 1 on every edge. They then create these functions f and g using the image of the three-torsion point P = q 1/3 in E(K). Our approach mostly follows the strategy outlined in the previous paragraph. There are three differences however. First of all, we do not use the Tate uniformization theorem to obtain the desired three-torsion point. Instead, we work out a reduction theory for elliptic curves over K and we use some classical results from arithmetic geometry to find the desired point P . In doing this, we obtain an explicit family of elliptic curves E with a marked point P of order three (reducing to the singular point) and v(j(E)) < 0, see Equation 4.1 and Lemma 4.2. Moreover, other ingredients in the proof of [BPR16, Theorem 6 .2] are also made explicit, as we give a pair of functions (f, g) ∈ (K(E)) 2 which induce a closed embedding, and we explicitly calculate its image. The corresponding tropicalization then contains a triangle and we show that its length is equal to −v(j(E)). This then also highlights the second key difference: we do not use any analytic material such as the Poincaré-Lelong formula (See [BPR14, Theorem 5.15]) or the criterion for faithful tropicalizations (see [BPR16, Corollary 5 .28]) to abstractly conclude that our tropicalizations are faithful. We also note that we don't assume that our nonarchimedean field is complete. This allows us to directly use our results on the field of Puiseux series P for instance.
The paper is structured as follows. We start with a recap of some definitions and results in tropical geometry in Section 2. We cover the tropical semiring, tropical varieties, the fundamental theorem (which we will only need in the form of Kapranov's theorem) and Newton complexes. In Section 3, we then introduce a reduction theory for elliptic curves over K as in [Sil09, Chapter VII] . After that, we define faithful tropicalizations and we give a proof of Theorem 1.1.
We tried to keep the text as elementary as possible, giving examples of the notions introduced wherever possible. As such, we believe that this paper serves as a didactic tool in understanding some of the more abstract material in [BPR16] in concrete terms. To further aid the reader in this, we will point out any similarities and differences between our approach and the one in [BPR16] as we come across them.
We will be using most of the conventions regarding algebraic geometry as introduced in [Sil09, Chapters II and III]. For tropical geometry, we will mostly be using [MS15, Chapter 3] . We also refer the reader to those two books for more background information regarding these topics.
Tropicalizations
In this section we discuss the notion of a tropicalization of a closed variety X/K inside a torus G n m . We will be mostly interested in the case where X is induced by an algebraic curve such as an elliptic curve over K. We introduce the tropical semiring and we recall the fundamental theorem of tropical geometry, which we will use in our main theorem as an easy tool to calculate tropicalizations. We refer the reader to [MS15] for more background information.
Consider the extended real line R := R ∪ {∞} with its natural total order. We turn this into a semiring by defining the following two operations on R:
Here we set ∞ b = b ∞ = ∞ for any b ∈ R. We note that these operations mimic the following two identities of the valuation function v : K → R:
A multivariate tropical polynomial in n variables x = (x 1 , x 2 , ..., x n ), written as f (x) = i∈I a i x i for a i ∈ R, is then the function R n → R given by
Here I is a finite subset of N n , similar to the case of multivariate polynomials K[x 1 , x 2 , ..., x n ]. Any monomial of the form a i x i is referred to as a term of f .
Example 2.1. Consider the tropical polynomial f = (1 x y) ⊕ (2 2x) = min{1 + x + y, 2 + 2x}. This defines the following piecewise linear function on R 2 :
f (x, y) = 2 + 2x for y ≤ 1 + x, 1 + x + y for y > 1 + x. (written tropically) is equal to the function −i · x. The multivariate case is similar. We now define the tropicalization of an algebraic set
To that end, we first define the tropicalization of a multivariate polynomial f ∈ K[x, x −1 ]. Let f = i∈I a i x i be a multivariate Laurent polynomial. We define the tropicalization of f to be the tropical Laurent polynomial given by
where the product x i is now a tropical product.
For any multivariate Laurent polynomial f , we now introduce the notions of a tropical hypersurface and a tropical variety.
Definition 2.1. Let f be a multivariate Laurent polynomial with monomial terms h i . We define the tropical hypersurface corresponding to
n ] to be the set of points x ∈ R n such that trop(f )(x) = trop(h i )(x) = trop(h j )(x) for at least two different terms of f . It is denoted by trop(V (f )). A tropical variety is then an intersection of these tropical hypersurfaces. We define the tropicalization of
Example 2.3. Let f be the tropical polynomial from Example 2.1. Then the tropical hypersurface corresponding to f is given by trop(V (f )) = {(x, y) ∈ R 2 : y = 1 + x}.
We now relate the construction of tropical varieties to another, perhaps more natural, construction. Consider the naive tropicalization map
Definition 2.2. The naive tropicalization of an algebraic set V (I) is defined to be the closure of the image of V (I) under val(·). We denote it by val(V (I)).
Example 2.4. Let C be the plane curve defined by f := −3 x 1 + −2 x 2 − 1 = 0. We consider three cases.
• Suppose that v(x 1 ) > 3. Then we must have v(x 2 ) = 2 by considering the valuations of both sides of the equation
• Suppose that v(x 2 ) > 2. Then similarly v(x 1 ) = 3.
• Suppose now that v(x 1 ) ≤ 3 and v(x 2 ) ≤ 2. Then the valuations of −3 x 1 and −2 x 2 have to be equal in order to obtain v(1) = 0. In other words, We thus see that the naive tropicalization consists of three linear pieces, as depicted in Figure 2 .
The good news now is that the naive tropicalization of V (I) coincides with the tropicalization defined in Definition 2.1. This is also known as the fundamental theorem of tropical geometry. 
trop(V (I)) = val(V (I)).
(11)
Example 2.5. Let f = −3 x 1 + −2 x 2 − 1 as in Example 2.4. Its tropical polynomial is then given by
We then easily see that the points (x 1 , x 2 ) where the minimum is attained at least twice is exactly equal to the naive tropicalization calculated in Example 2.4.
We would now like to define a length function on the bounded edges of trop(V (I)). In this text, we will only give a definition for tropical hypersurfaces in R 2 using Newton complexes. To give the more general definition, we need the result that trop(X) is an abstract one-dimensional G-rational polyhedral complex for any closed curve X in a torus G n m . Here G = v(K * ) ⊂ R is the value group of K * . See [BPR16, Theorem 4.28 and Section 5.2] for this. The metric on this G-rational polyhedral complex is then given by the lattice length, which is the length of the edge in the direction of a primitive lattice vector.
Using our assumption f ∈ K[x, y], we now define the length in terms of Newton complexes, as in [Mik05, Section 3.4].
Let trop(V (f )) ⊂ R 2 be a tropical hypersurface, where f = i,j a i,j x i y j . Consider the Newton lattice
and the associated set
which projects down to Λ f . As in the one-dimensional case, we are now interested in the convex hull of this set S f .
Definition 2.3. Let H f be the convex hull of S f and project the lower part of H f onto R 2 to obtain a collection of edges and vertices. The corresponding marked subdivision of Λ f is the Newton complex of f and is denoted by N (f ).
This marked subdivision N (f ) is dual to the tropicalization of f in the following way. For every edge e in N (f ), there is an edge in trop(V (f )) that is orthogonal to e. Furthermore, the interior edges correspond to bounded edges and the outer edges correspond to unbounded edges. See [Mik05, Proposition 3.11] for the details.
Example 2.6. Consider the polynomial f = x 2 y + xy + y 2 + k , where v( ) = 1. The corresponding tropical polynomial is given by
and for every pair of vertices in Λ(f ), N (f ) has an edge between the corresponding pair of vertices in N (f ).
The result is as in Figure 3 . This complex is dual to the tropicalization in Figure 1 . We now also use the Newton complex to define a length function on the bounded edges of the tropicalization trop(V (f )). For every bounded edge e in trop(V (f )) with integral endpoints, there is a unique edge N (e) in N (f ) that is orthogonal to it. We then define the lattice length of e to be
Here || · || denotes the ordinary Euclidean distance function.
Example 2.7. Consider the polynomial f = x 2 y + xy + y 2 + k with v( ) = 1 as in Example 2.6. The tropicalization trop(V (f )) contains a triangle with vertices (0, 0), (0, k) and (k, 0). The ordinary length of the edge between (0, k) and (k, 0) is √ 2 · k. The lattice length of this edge is just k, since the corresponding edge in the Newton complex is the edge between (0, 0) and (1, 1). It is then easy to see that the other edges also have lattice length k.
Minimal models over non-Noetherian valuation rings
In this section, we give a reduction theory for elliptic curves over K, similar to the one studied in [Sil09, Chapter VII]. For simplicity, we will assume that char(k) = 2, 3. In the general case, one can still write down minimal models using a variant of Tate's algorithm, see [Sil94, Chapter IV, Algorithm 9.4]. In the discretely valued case, the most convenient way to study the reduction type of the elliptic curve E is through its Néron model E. Since we are in the non-discrete case however, we cannot use this machinery. Furthermore, there is no direct generalization of Néron models to the non-discrete case available at the present, so we will study the reduction of E/K using the theory of minimal models, which does generalize to the non-discrete case.
Let E/K be an elliptic curve, as defined in [Sil09, Chapter 3]. Using the Riemann-Roch theorem, one can show that every such elliptic curve can be described by a Weierstrass equation: Example 3.1. Consider the integral Weierstrass equation
The reduced curve in this case is given by the equation
which defines a singular curve. We now consider an isomorphic curve whose reduction is nonsingular. , we obtain
Reducing the coefficients mod m then yields a nonsingular curve, which consequently is not isomorphic to the reduced curve in Equation 19.
We are thus led to impose an additional condition on the models over R to ensure some kind of canonicity. The notion we will be using is that of a minimal model, as in [Sil09, Chapter VII].
Definition 3.1. Let E/K be an elliptic curve with integral Weierstrass equation
Then W is said to be minimal if v(∆) is minimal among all integral Weierstrass equations. We refer to such a model as a minimal Weierstrass model and we denote it by W/R.
Using our assumption on the residue field, we now give the following convenient criterion for an integral Weierstrass model W to be minimal. First recall that for any field of characteristic not equal to 2 or 3, any minimal Weierstrass model is isomorphic to one of the form
Indeed, the transformations
and Suppose now that W/R is a minimal model, which we can assume to be of the form
by our assumption on the residue characteristic. Suppose that v(c 4 ), v(c 6 ) > 0 and consider
Let u be any element with valuation m (which exists because K is algebraically closed) and consider the transformation
By Equation 26
, we see that v(c 4 ), v(c 6 ) ≥ 0 (in fact, one of them has to be zero) and by
we see that v(∆ ) < v(∆), a contradiction. This proves the lemma.
Remark 3.1. Note that the proof of Lemma 3.1 gives an explicit way of determining a minimal Weierstrass model: we take any integral equation and determine the c i . By applying the transformation in the proof, we then immediately obtain a minimal model.
Remark 3.2. We note that there exist minimal Weierstrass models over valued fields with residue characteristic 2 and 3 with v(c 4 ) > 0 and v(c 6 ) > 0. As an example, let K = Q 2 be the field of 2-adic numbers and consider the elliptic curve given by
This curve has good reduction, so v(∆) = 0. We then have c 4 = 0 and c 6 = −216, so both of the invariants have strictly positive valuation.
Proposition 3.1. Let E/K be an elliptic curve. Then the following hold.
• E has a minimal Weierstrass model W/R.
• A minimal Weierstrass model is unique up to a change of coordinates
with u ∈ R * and r, s, t ∈ R.
• Let W/R be an integral Weierstrass equation. Then any change of coordinates
that turns W/R into a minimal Weierstrass model W /R satisfies u, r, s, t, ∈ R.
Proof. The first part follows from Lemma 3.1 and Remark 3.1. The second and third part follow in exactly the same way as in [Sil09, Chapter VII, Proposition 1.3]. We leave the details to the reader.
Let W/R be a minimal Weierstrass model given by
where a i ∈ R. Using the natural reduction map R → R/m = k, we can then consider the reduced Weierstrass equation y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 .
By Proposition 3.1, any two minimal Weierstrass models W and W are related by a coordinate change as in Equation 32 with u ∈ R * and r, s, t, ∈ R. Reducing this coordinate change modm, we obtain a standard coordinate change over the residue field. We thus see that any two minimal Weierstrass models give rise to isomorphic reduced curves. The reduced equation is thus independent of the minimal Weierstrass model, up to standard coordinate changes over the residue field. Note that the notion of minimality is crucial here, as the reduced curve of a non-minimal Weierstrass equation can be non-isomorphic to the reduced curve of a minimal Weierstrass equation, see Example 3.1. The reduced curve associated to any minimal Weierstrass model W/R will be denoted by E/k or E.
We now give a reduction map E(K) → E(k) in terms of projective coordinates. Write P as P = [x 0 , y 0 , z 0 ]. By scaling these coordinates, we can find an equivalent triple such that at least one of x 0 , y 0 , z 0 is a unit. The reduced point
then lies in E(k). This gives us the reduction map
We now recall some facts regarding the reduced curve E/k. This curve is singular if and only if ∆ = 0, where ∆ is the discriminant associated to the Weierstrass equation. Furthermore, any Weierstrass equation can have only one singularity, which is either a cusp or a node. If it has a singularity, then we can put a group structure on the smooth points by [Sil09, Chapter III, Proposition 2.5]. There are three possible singularities and for each one we have a different group structure. We can in fact characterize the type of singularity we get by reducing the invariants c i , as the following proposition shows.
Proposition 3.2. Let W/R be a minimal Weierstrass model for an elliptic curve E/K with reduced curve E. Let E ns be the set of nonsingular points. Then the following hold:
• E is an elliptic curve if and only if v(∆) = 0. We have E = E ns . In this case, the elliptic curve E is said to have good reduction.
• E has a cusp if and only if c 4 = 0. We have E ns k + , the additive group of the residue field k. In this case, the elliptic curve is said to have additive reduction.
• E has a node if and only if c 4 = 0. We have E ns k * , the multiplicative group of the residue field k. In this case, the elliptic curve is said to have multiplicative reduction.
Proof. The proof of [Sil09, Proposition 5.1] still works in the non-discrete case, as one can easily check. We leave the details to the reader.
Example 3.2. Let E be the elliptic curve defined by the Weierstrass minimal model
where v( ) > 0. The reduced curve is then given by
which has the singularity (0, 0). Note that this singularity is a node, so E has multiplicative reduction.
We now relate the reduction type of an elliptic curve to the valuation of the j-invariant. To that end, we will need the following formula: ., Proposition 3.3. Let E/K be an elliptic curve with a minimal model W/R. Then:
• E has good reduction if and only v(j) ≥ 0,
• E has multiplicative reduction if and only if v(j) < 0.
In particular, we see that E cannot have additive reduction.
Proof. Suppose that E has good reduction. Then v(∆(E)) = 0 and consequently v(j) = 3v(c 4 ) − v(∆) ≥ 0, as desired. Suppose that v(j) ≥ 0 and let W/R be a minimal model of the form
Suppose that v(∆) > 0. Then we must have 3v(c 4 ) = 2v(c 6 ). But by Lemma 3.1, we see that either v(c 4 ) = 0 or v(c 6 ) = 0, so v(c 4 ) = 0 = v(c 6 ). But then v(j) = 3v(c 4 ) − v(∆) < 0, a contradiction. We conclude that v(∆) = 0 and thus E has good reduction. Suppose now that v(j) < 0. Then we must have v(∆) > 0. Suppose that E has additive reduction. Then v(c 4 ) > 0 by Proposition 3.2 and consequently v(c 6 ) = 0 by Lemma 3.1. But then v(∆) = 0, a contradiction. We conclude that E has multiplicative reduction, as desired. Suppose that E has multiplicative reduction. By what was proved earlier, we cannot have v(j) ≥ 0, so we must have v(j) < 0. This concludes the proof.
Consider the following subset of E(K):
By [Sil09, Proposition 2.1] (note that the proof only uses the fact that R is Henselian), we find that E 0 (K) is a subgroup of E(K) and we have an exact sequence
Here E 1 (K) is the kernel of the reduction map, i.e.
where O is the point at infinity. Note that the projective point [0, 1, 0] is always nonsingular for any Weierstrass equation (see [Sil09, Chapter III, Proposition 1.2]), so we have
is a subgroup, we can consider the quotient
A point P ∈ E(K) then gives rise to a nontrivial point in E/E 0 (K) if and only if P reduces to a singular point.
Example 3.3. Let E again be the elliptic curve defined by the Weierstrass minimal model
where v( ) > 0. We saw in Example 3.2 that E has multiplicative reduction. We now give an example of a nontrivial point in E/E 0 (K), E 0 (K) and E 1 (K) respectively. Consider the point
Since P 1 reduces to the singular point, we see that P 1 / ∈ E 0 (K). Let α be a square root of 2 + 2 in K and consider the point P 2 = (1, α). Its reduction is then given by P 2 = (1, α) ∈ E ns , so we find that P 2 ∈ E 0 (K). Lastly, let β be a square root of 1 + 2 + 8 and consider the projective point P 3 = [ , β, 3 ]. In terms of x and y coordinates, this is given by
Since β / ∈ m, we find that P 3 ∈ E 1 (K).
We now have two subgroups of E to our disposal: E 1 and E 0 . We are interested in the torsion structure of these groups. That is, for any abelian group G and integer n > 1, we consider the subgroup
where e is the identity of G. For elliptic curves, we will denote the n-torsion subgroup of the K-valued points by E[n](K). For K algebraically closed and n coprime to char(K), we then have
see [Sil09, Chapter III, Corollary 6.4]. We now consider the problem of determining how the n-torsion of an elliptic curve is distributed over E 1 , E 0 and the quotient E/E 0 . To that end, we first consider the n-torsion of E 1 . By [Sil09, Chapter VII, Proposition 2.2], there is an isomorphism
whereÊ is the formal group associated to E (see [Sil09, Chapter IV] ) and m the maximal ideal of R. Since the multiplication by n map is invertible onÊ for any n coprime to the residue characteristic, we obtain the following Proposition 3.4. Let E/K be an elliptic curve and let n be an integer that is coprime to the characteristic of the residue field k.
Proof. By [Sil09, Chapter IV, Proposition 2.3.b], the multiplication by n-mapÊ →Ê is an isomorphism. This directly implies thatÊ(m)[n] = (0), as desired.
Example 3.4. Consider again the elliptic curve defined by
We saw in Example 3.3 that
we see that P 3 cannot be a torsion point, so P 3 has infinite order. This trick can be used more generally to create points of infinite order on families of elliptic curves.
Lemma 3.2. Suppose that E has multiplicative reduction with singular point x ∈ E(k) and let n be coprime to the characteristic of the residue field. Then there exists a point P ∈ E(K) of order n such that P = x.
Proof. Suppose that every point P of order n of E reduces to a nonsingular point. Then
By Proposition 3.4 and the exact sequence from Equation 45, we see that E[n](K) injects into E ns (k) under the reduction map. But this is impossible:
has order n 2 . We conclude that there exists a P of order n reducing to the singular point, as desired.
Remark 3.3. We note that using the analytic uniformization theorem for elliptic curves with multiplicative reduction, it is much easier to obtain the point P in this Lemma. For any such elliptic curve E/K with v(j) < 0, one considers the analytic isomorphism
where q ∈ K is such that −v(j) = v(q) > 0. To find the point P as in Lemma 3.2, one simply takes P = q 1/n . We invite the reader to compare this with the construction in [BPR16, Theorem 6.2].
Creating faithful tropicalizations using minimal models
In this section, we will define the notion of a faithful tropicalization of an elliptic curve over K with v(j) < 0. We then show that any such elliptic curve E/K with v(j) < 0 admits a faithful tropicalization. To do this, we use a three torsion point P that reduces to the singular point of the reduced curve corresponding to a Weierstrass minimal model, which exists by Lemma 3.2. We then construct two principal divisors div(f ), div(g) ∈ Prin(E) using this torsion point. These two principal divisors then give rise to a closed embedding
whose tropicalization is easily shown to contain a cycle of length −v(j), which concludes the proof. The idea of the proof is mostly based on the construction in [BPR16, Theorem 6.2]. In that proof, they abstractly show using the Poincaré-Lelong formula that the corresponding piecewise linear functions −log|f | and −log|g| separate the points of the Berkovich minimal skeleton of E. Consider a tropicalization trop(V (f )), as defined in Section 2. For every bounded edge e ∈ trop(V (f )), we have a natural length (e), the lattice length, associated to e as in Equation 16 . In terms of this length function, we can now define what it means for a tropicalization to be faithful. Definition 4.1. Let E be an elliptic curve with v(j) < 0 and consider a closed embedding φ : E → P n together with an embedding of a torus ψ :
Then the pair (ψ, φ) is said to be a faithful tropicalization if the tropicalization of E inside G n m contains a cycle of length −v(j).
Example 4.1. Consider the toroidal embedding G 2 m → P 2 given by (x, y) → [x : y : 1] and let E be an elliptic curve with v(j) < 0 defined by
Then the corresponding tropicalization never contains a cycle, so this tropicalization is never faithful.
Example 4.2. Let E be the elliptic curve over K defined by the affine equation Let E be an elliptic curve with v(j) < 0. By Proposition 3.3, this implies that E has multiplicative reduction. By Lemma 3.2, there exists a P ∈ E[3](K) such that P reduces to the singular point of a minimal Weierstrass model. In other words, the class of P in E/E 0 (K) is nontrivial. Let W be a minimal Weierstrass model for E of the form
Since P reduces to the singular point on E, we see in particular that v(x(P )) ≥ 0. The transformation x → x − x(P ) then transforms W into another integral Weierstrass model, which is again minimal by Proposition 3.1. We will again denote this minimal Weierstrass model by W . In this new model, we have x(P ) = 0. Proof. We will use the following criterion for a point to be of order three: P ∈ E[3](K) if and only if the tangent line at P intersects E only at P . The proof of the criterion goes as follows. Suppose that the tangent line is given by H(X, Y, Z) = αX + βY + γZ = 0 and that it only intersects E at P . By Bezout, it intersects E triply. The divisor of H/Z is then 3(P ) − 3(O) and thus P is a point of order three, as desired. Let P is a point of order three and let H(X, Y, Z) be the tangent line at P . Then div(H/Z) = 2(P ) + (Q) − 3(O) for some Q ∈ E(K) and consequently the degree zero divisor (Q) − (O) is the inverse of 2(P ) − 2(O) in Pic 0 (E). But this inverse is exactly (P ) − (O), so we find P = Q, as desired.
We now continue the proof of the lemma. The tangent line at P is given by the equation ∂f ∂x (P ) · x + ∂f ∂y (P ) = 0,
where f = y 2 − (x 3 + b 2 x 2 + b 4 x + b 6 ). We thus obtain −b 4 x + 2y 0 (y − y 0 ) = 0.
In terms of y, we obtain y = 2b 6 + b 4 x 2b 6 .
Squaring the last expression and equating it to x 3 + b 2 x 2 + b 4 x + b 6 , we obtain the cubic equation 
This means that the discriminant of the quadratic form b 2 x 2 + b 4 x + b 6 is zero and we can thus write it as a(x − b) 2 for some a and b in R. This concludes the proof of the lemma.
Lemma 4.2. Let E, W and P be as above. Then v(a) = 0 and v(b) > 0.
Proof. If v(a) > 0, then E has additive reduction since the reduced curve is given in this case by y 2 = x 3 . This contradicts our assumption that E multiplicative reduction and we thus see that v(a) = 0. For the second part, we will use our assumption that P reduces to the singular point of E. Let a be a square root of a. We then have P = (0, a b) or P = (0, −a b).
Without loss of generality, we can assume that P = (0, a b). Since P reduces to the singular point on E, we must have ( ∂f ∂x (P ), ∂f ∂y (P )) = (0, 0), 
We can rewrite this as (y − a (x − b))(y + a (x − b)) = x 3 .
We then quickly see that div(y−a (x−b)) = 3P −3O and div(y+a (x−b)) = 3P −3O, where P = (0, −a b). Another calculation then shows that div(x) = P + P − 2O.
We now explicitly give the two principal divisors f and g that will give the desired embedding into P 2 . We take
y + a (x − b) .
Using the above equations, we then obtain div(f ) = 2P − P − O div(g) = 2P − P − O.
We now explicitly calculate the closed embedding induced by (f, g).
